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INSTRUMENTALITIES FOR INSURING AND HEDGING AGAINST RISK 

The invention is concerned with methods, systems and instruments for 
insuring and hedging against risk, e.g. weather-related risk, including catastrophic risk 
and other large-scale risk which may be weather-related or otherwise. 

5 Background of the Invention 

Concerns are on the rise with large-scale risks, e.g. weather-related 
risks in view of increasing volatility of weather, climate changes, and population 
movement to warm coastal areas with attendant changing property prices. Weather 
affects an estimated $2 trillion of the S9 trillion U.S. economy. Such risks are . 

10 difficult to diversify using traditional insurance and reinsurance practices, and even 
though climate changes remain putative, the financial challenge is manifest. In the 
last several years the property/casualty insurance industry has experienced record 
claims of some $43 billion in connection with climate volatility. Illustrative of such 
instances are the Midwest drought of 1988, the Midwest floods of 1993, and floodmg 

15 along the CaUfomia coast in 1995. In 1992, Hurricane Andrew caused insured losses 
of some $25 billion of which $18 billion were covered by insurance. In the aftermath 
of Hurricane Andrew, a significant number of reinsurance companies either stopped 
offering insurance entirely or limited their offering by ceasing to underwrite 
catastrophe reinsurance. As reinsurance supply dried up, reinsurance rates increased 

20 ahnost threefold. 

In view of insurance inadequacies in covering catastrophic loss, new 
strategies have been proposed and implemented, e.g. the creation of financial 
instruments for betting on the frequency of catastrophes which may be weather related 
or otherwise. Instruments of this type were introduced by the Chicago Board of Trade 

25 (CBOT) under the designation of Catastrophe Futures in 1 993 , Among similar 
instruments are bonds having a return which is linked to hxirricane fi-equency and 
severity in the current season and in a specified geographic area. Also, such return 
has been tied to an insurance company's losses fix)m hurricanes. Typically, the 
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frequency and severity of catastrophic risks is unknown, as is the case for 
environmental heahh risks, health risks, nuclear reactor risks, and satellite risks. 

Bilateral contracts contingent on weather risks have been traded by 
investment banks and brokers/dealers, and offered on a case-by-case basis to 
5 insurance companies, energy/utility companies and others whose revenues depend on 
weather conditions. 



Summarv of the Invention 

To avoid idiosyncratic bilateral contracts, each having a different price 
for possibly similar services or products, contracts can be based on a standardized 

10 index or benchmark. An index can quantify a risk factor to businesses and/or 

individuals, e.g. atmospheric temperature deviation from a nominal temperature in a 
specific area and over a specific time interval as expressed by heating degree days 
(HDD) and cooling degree days (CDD). In conespondence with the quantified risk 
condition, such an index may be termed "Temperature Index", "Weather Index", 

1 5 "Climate Index" or "El Nitio Index", for example. 

For hedging agamst the risk, standardized derivative securities or 
financial contracts can be drawn contingent on the index, including futures and 
options, and such contracts can be traded on an exchange, for example, 

Furthermore, where insurance is used, for efficient allocation of risk 

20 bearing, an insurance contract can be combined or "bundled" with one or more 

derivative securities. The insurance contract pays an agreed amount contingent on the 
occurrence of an event, and the derivative securities have a payoff which depends on 
an index that represents the aggregate frequency of such events, for example. 

Brief Description of the Draw ing and Appendices 
25 Fig. 1 is a graphic representation of two probability distributions of 

losses due to hiuricanes in El Niflo and La Nifia years, respectively, in the El Nifto 

Southern Oscillator (ENSO) cycle. 

Fig. 2 is a schematic of a technique in accordance with a preferred 

embodiment of the invention, wherein an insurer executes trades in a financial 
30 instrument here designated as ENSO Index or El Niflo Index, 
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Fig. 3 is a flow chart for scientific and computerized determination of 
heating/cooling degree days. 

Fig. 4A is a conceptual diagram for a simple weather contract 
contingent on a weather index, 
5 Fig. 4B is a conceptual diagram for a call contract on the contract of 

Fig. 4A. 

Included herewith are the appended papers by authors Graciela 
Chichilnisky and Geoffrey Heal entitled "Managing Unknown Risk" and "Financial 
Markets for Unknown Risks", respectively. 

10 Detailed Description 

The following description is addressed primarily to so-called 
catastrophe bundles, presupposing a novel risk index and a novel contract contingent 
on the risk index. For example, if the index is a measure for temperature, the contract 
will be contingent on a temperature value. While insurance is unsatisfactory when the 

15 frequency of a risk is unknown, and securities are unsatisfactory when the risks are 
individual, a combination of insurance and securities can achieve efficient allocation 
of risk bearing. Such a combination, here called a catastrophe bundle, can guard 
against a financial debacle due to overexposure of an insurer, while providing nearly 
full coverage of the insured. The catastrophe bundle requires the novel risk index 

20 which provides a standardized or benchmark measure of the risk, and the novel 

contract which is contingent on the value of the index. Preferably, the index depends 
on scientific variables, e.g. temperature or precipitation. 

Preferably, a catastrophe bimdle is customized based on descriptions of 
the risk. A computerized mathematical formula can be used in customization of the 

25 catastrophe bundle, taking into account a plxurality of risk patterns having different 
actuarial tables. Derivative securities are created with payoffs depending on which 
description of the risk is applicable, and insurance contracts are created to establish 
compensation depending on which description of the risk is applicable. 

As an example, Fig. 1 shows hurricane incidence depending on the so- 

30 called El Nino Southern Oscillator (ENSO) cycle. There are two extreme states of the 
cycle, known as El Nino and La Nifla. In El Nino years, hurricane incidence in the 



wo 00/08567 



PCT/US99/17709 



4 

southeastern part of the United States is below average; in La Nifia years it is above 
average, Fig, 1 shows the probabilities for three outcomes or levels of losses, namely 
5, 10 and 15 billion dollars, for El Nino and La Niiia years, respectively. As shown, 
under El Nifto conditions the respective probabilities are 0.1, 0.2 and O.L 
5 Corresponding probabilities are higher under La Nifia conditions, namely 0.2, 0.3 and 
0.2. 

For hedging of an insxirance risk in view of the lack of an actuarial 
function of El Nino versus La Nifia conditions, for example, an"ENSO Index" or **E1 
Niflo Index" can be used whose value is low under El Niflo conditions and high under 
10 La Nina conditions. The El Nifio Index is an example of an index for a physical 
parameter, contingent on which a contract can be drawn to pay an agreed amount. 

Other environmental indices can be based on precipitation or 
temperature measvires, e.g. heatmg/cooling degree days for a specific geographic 
region such as a state or a city, and for a specific period of time. A heating degree day 
1 5 (HDD) is defined for days with an average temperature of less than 65 degrees 

Fahrenheit, as 65 degrees Fahrenheit minus the daily average temperature, A cooling 
degree day (CDD) is defined for days with an average temperature of more than 65 
degrees Fahrenheit, as the average daily temperature minus 65 degrees Fahrenheit, 
Fig. 3 illustrates computerization for determining heating degree days 
20 HDD and cooling degree days CDD for an n-day period, e.g., with n=31, for the 
month of January of a specified year. 

Similar indices can be established based on different parameters, e.g. 
precipitation or yet other climate conditions in a geographic region and for a certain 
time period. 

25 Contracts contingent on an index can be time-dependent, e.g. with 

reference to a year, month or any specified time period. For example, contracts can be 
drawn on cumulative HDDs/CDDs over a time period. Such a contract is an example 
also of a security which is conditional on the incidence of an insured peril, i.e., on 
which risk description is applicable, 

30 With the probabilities in accordance with Fig. 1 , in an El Nino year the 

expected value of hurricane damage is calculated in billions as 
(0.1 X S5) + (0.2 X $10) + (0.1 X 15) - $4 
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Correspondingly calculated, in a La Nifla year the expected value is $7 billion. 

The following is under the assumption of a 40% chance of an El Niflo 
year, a 60% chance of a La Nifia year and a total value of msured property of $30 
billion. In a worst-case scenario, when hurricane damage is at its maximum of $15 

5 billion, half of the insured value is at risk. 

In an El Nino year the expected loss is 13.33% of the insured risk; in a 
La Nina year it is 23.33%, Thus, the insurance rates on line, i.e. the premiums as a 
percentage of the insured amount conditional on being in El Niflo and La Nina years 
would have to be at least 13.33% and 23.33%, respectively, for the insurer to break 

10 even in terms of expected value. 

But the expected losses are different, depending on the type of year. El 
Niflo or La Nifia. Without knowledge of the type of year, the expected loss due to El 
Niflo is the expected loss in an El Niflo year times the probability of such a year, 
i.e. 0,4 X $4 = $1.6 billion. For La Nifia the corresponding calculation is 0.6 x $7 = 

15 $4.2 biUion. Hence, without knowledge of the type of year, the expected losses m El 
Nino and La Nina years are $1.6 and S4.2 billion, respectively, for a total of $5.8 
billion. 

As to the premiums that would have to be charged for coverage in each 
type of year without actual knowledge of the type of year, in order to break even on 

20 average they would have to be the premiums contingent on being in each year — i.e. 
13.33% and 23.33%, respectively — multipHed by the probabilities of each type of 
year. Thus, without knowledge of the type of year, the rates on line would have to be 
at least 0.4 x 13.33% = 5.33% or 0.6 x 23.33% = 13.99%, respectively. 

If an insurer were to follow conventional procedures of charging 

25 premiums based on the over-all expected loss, without distinguishing between the two 
climate patterns, premiimis would be charged to yield the over-all expected loss of 
$5.8 billion, implying a rate on line of 5.5/30 = 19.33%. This is unsatisfactory, 
amoxmting to overcharging in El Niflo years when expected claims are $4 billion and 
the rate on line need be only 13.33%, and undercharging in La Nifla years when 

30 expected claims are $7 billion and rate on line is 23.33%, In the former case, the 

insurer receives premium income in excess of the expected claims by $1 .8 billion; in 
the latter, premium income falls short by $1.2 billion. For proper matching of assets 
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to liabilities, income from El Nino years should be shifted to La Nifia years. 

Such shifting can be effected by trading shares of a suitably structured 
security which is contingent on a novel, standardized index, here termed "ENSO 
Index" or "El Nifio Index" whose value can be related to the incidence of hurricanes, 

5 (see Fig. 1 , for example), and in which traders can take long and short positions. Such 
trading has the mtended effect in that, under the probabilities and the dollar amounts 
which the insurer has available or will need, the excess $1.8 billion will be available 
with a 40% probability and the shortfall $1 .2 biUion will be required with a 60% 
probability, and 0.4 x $1.8 billion = 0.6 x $1.2 billion. 

10 The respective prices of ENSO Index contracts delivering $1 in both El 

Nino and La Nifla years will be proportional to the probabilities of these events, so 
that they will be in the ratio of 0.4/0.6 or 2/3, But $L2/$L8 = 2/3, so that at such 
prices the sale of surplus income in El Nifio years will exactly finance the purchase of 
income to cover the deficit in La Nifia years, 

1 5 Accordingly, with an ENSO Index, a preferred pattern of financial 

transactions can be summarized as follows: 

1 . Issuing insurance contracts which provide coverage against damage in 
either El Nifio or La Nifia years. 

2. Selling $1 .8 billion of contracts contingent on the ENSO Index having a 
20 value corresponding to an El Nifio year, at a price of $0,40 per dollar, 

3. Buying $L2 billion of contracts contmgent on the ENSO Index having a 
value corresponding to a La Nifia year, at $0.60 per dollar. 

By such a combination of trades in securities and insurance policies, 
here termed a catastrophe bundle, an insurer has complete coverage for themselves as 
25 well as their clients, even without knowledge of the odds of loss. 

The technique is illustrated by Fig. 2 where t represents a coimt which 
starts at t=0 in a year in which insurance is issued for subsequent years t = 1 , 2, 

While the expository example presented above involves just two states 
(El Nino, La Nifia) and three outcomes (losses of $5, $10, $15 billion), a more general 
30 derivation can be used to demonstrate the efficacy of catastrophe bundles as follows. 

Assuming k states numbered i = 1, k, and n outcomes, numbered j = 
1, n, for outcome j the loss will be denoted by Xj, the probability of state i will be 
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denoted by p^, and for state i the probability of outcome j will be denoted by py. 
The probabilities are such that 

Pi> Pij ^ 0; Pi = 1 ; Eul Py = 1 for all i 
For outcome j the total probability is 

5 <lj^E{i} Pi Pi] 

The mean loss is 

The loss variance is 

10 For each of the states, the mean loss is 

= PijXj 

and the corresponding loss variance is 

When an insurer is hedged, with a security, against indeterminacy of the state, the loss 
15 variance is 

OcB^ = Y.ii) Pi 

Without such hedging, the loss variance is 
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^ Pi [Lm Pij (Xj - [ii)' + 

+ 2-L{j) Pij(Xj-Ki)(lii-n) + 
5 + La, Pij (Mi - H)^] 

= Lii} Pi cji^^ 

+ I{i} Pi (Mi -H)^- I Pij 
= OcB^ + Lii) Pi (Mi - M)^- 

10 Accordingly, the variance with catastrophe bundle (CB) is less than the variance 
Nvithont catastrophe bimdle, with the difference being directly related to the 
magnitudes of the spacing of the fix>m ^. Therefore, for each expected return, the 
use of a novel index, novel contract contingent on the index, and novel bundle of 
insurance and the contract leads to advantageously reduced risk for the expected 

15 return. 

The following is further with respect to indices, e.g. for weather risk, 
demand/supply risk, political risk, etc. which are commercially significant in 
themselves, as are contracts contingent thereon even aside from catastrophe bundles. 
The use of an index can be sold or licensed by Exchanges such as the New York 

20 Stock Exchange, London Stock Exchange and Bermuda Stock Exchange, for 

example, providing an industry-wide systematic benchmark measure of a specific 
risk. Contracts which are contingent on such an index can be used for risk hedging or 
management that protects the revenue of individuals or corporate entities when 
excessive losses or costs are incurred due to unfavorable conditions, e.g. climate 

25 patterns such as El Nifio or La Nifia, excessively warm or cold periods or excessively 
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dry or wet periods. Figs. 4A and 4B illustrate such hedging, using a simple contract 
(Fig. 4A) and a call on the simple contract (Fig. 4B) 

Contracts based on indices can be bought/sold jointly with or 
independently from insurance contracts. They can have one or more *triggers", e.g. 
5 HDDs,CDDs, precipitation, time of year or season, length of time, El Nifto or La Nifia 
seasons, as well as industry and over-all demand levels for commodities of interest, 
e.g. electricity, heating oil and natural gas. 

Index values can be determined from suitable data, e.g. meteorological, 
oceanographic, demographic, political or commercial data. Such determinations may 
10 involve computational procedures, e.g. accumulating, averaging and smoothing where 
computerization can be used to advantage to cope with data. Computerization can be 
used also in trading contracts which are contingent on an index, with buy or sell 
orders issuing when profitable in view of an actual value of the index as compared 
with a contract value. 
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Managing Unknown Risks 

The future of global reinsurance. 

Graciela Chichilnisky and Gcoftrcy Heal 



ORACIEI^ CHICintSlSKY a 
UNESCO pfoittior ct mathwouOCT 
rtc cconsmtci, and director of the 
Pco(ERa> on tnferoudoo and 
Retomcn 2C Coaanibu L'cuvenic)' 

CEOFFR£Y HEAL & (h« Piul 
OuT«tt profntor of public polcy 
And corpontc fc>poi»tbilify it the 
Cndusce School of Biumns at 
Coiumbu Uiuventfy in New Yotk 
£10027). 



It h» be«n aid tha: insutance it the last of the 
tlnancul lervices co accept rad:ca] change 
,'Deiiney [199S-1996]). Yet there has been n fun» 
dameiicai shift b the geographic location and in 
the organization of the reinsurance iufhutry in the last 
ax yean (Chicbilnisk)- 11996b]). Global environmental 
r«ki ate fartly rcspomrble fbr this change; mca-ascd 
wc2thcr vulatilicy and cata^tiophic tisks ac; di5icuU co 
divex^fy uiing tiadi£:onal insurance practices. 

To provide i map to the fuwre. we need a real- 
istic appraisal of how wc got where wc arc. Th« i& the 
story of how hunuiw have hedged risks. There arc two 
basic and disuna approaches: statistical and econorrjc 
The former is r^-pical of the insurance industry; the Ut- 
ter typifies the securities industry. Both are needed :o 
manage today's catastrophic risks. Neither alone will 
do. We shosv how i combination of both leads tc etE- 
ciem outcomes, and ;s the W'ay to the future 
(ChichJrusJcy (t996a, 1996b. :096dl). 

The volatiUty of weather, wken together with 
populauon n:ovcment to wanu coastal areas and chang- 
ing property prices, has mace catastrophic risks highly 
unpredicuWe. Many scientists believe inat climate 
change could be the source. A recent report by the 
Intergovernmental Panel on Climate Chingc (IPCC), 
charged by jjovernmcnu with investigating global 
wanning, says that humat^s have a "discernible" influ- 
ence on global clinutc. 

In May 1996, imuiancc executives connxjntcd 
the energy industry over global warming, and took ihcir 



TH* IWIRNAl OLIO MA.naO0MUMT gg 
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ca$c ;o the United Nations Geneva meeting on climate 
change in June 1996 (Boulton (1996)). Their case \vas 
heard, and for the fin: rime the United States took a 
leading position in supporting the developing counnriei' 
calls for hard targets in the reduction of greenhouse gajt 
emiwions in the industrial countries. EnviroTimenta! 
nurkcu that tcadc countries* righ» tc emit have beec 
proposed and loom hrge on the horiion.' 

FINANCIAL RISKS 

Although the dau on clinutc chanj^c arc not 
conclusive, the dnancial challenge is already teal In the 
las: few years the propercy/ casualty insurance induitry 
haj experienced record claims of about US$43 billion 
connected \vizh climate voiatilicy, la the United States 
alone, there ^-as the 1988 Midwest drought, the 1993 
Midwcjt fioodi, and 1995 flooding sJong the California 
coast. Hi:rric30c Andrew in 1992 produced about 
USI13 blUbn of insured losses and total losses greater 
:han USS25 billion (Chichiimsky [1996a]). 

Andrew was :hc most devastating natural catas- 
-.fopac cvQT tccotdcd. It also led :o a wave of financial 
caustiophc; the hurricane affected almost every insur- 
ance company in the United States. Not knowing how 
to hedge unpredictable risks adds the risk of financial 
ca'tastiophc on cop of that of the natural caustiophe, a 
one-c^'o punch chat could lead to a socicul disaster. 
The T^ar after Andrew; thirty-eight con-US. and eight 
V,Sj* reinsurers, with names as familiar as Continenul 
and Ney* En^and Re, either withdrew from die 
b^iness or ceased underwriting catastrophe reinsurance 
(Chichilrisky [1996bJ). 

F.tcing an impossible challenge, many reinsurers 
lef: the market. Worldwide reinsurance capacity 
dropped more than 30% between 1989 and 1993, and 
it appears chat over 20% of that is due to Andrew. This 
naturally led to changes in the noarketpkce. Insurance 
companies could not buy enough casastropbe rcLnsur* 
ance, no matter how hard they tried. As supply dried 
up, prices of course increased dramatically'; the rate on 
line went fbm 6.2% in 1989 to 21.4% in 1994. 

Higher prices :hen anracced new capital. This 
led to A major geographic shift of :he industry. 
Conrinuing doubts abou: the faiun: existence of 
Lloyd's of London led to a drop in the U.K. market 
share, from about 56% in 1989 to 23% in 1995. Since 
1993 Bermuda's reinsurance industry evolved from 
pTacticaliy icro :o irj current positiou of 2^yo of the 



market. Investment banks are now betung heavily on 
the reinsurance market. They are the owners of most of 
the businesses created since 1992. 

REVOLUTION IN GLOBAL FINANCE 

Together with the geographic shift, then; has 
been a substantial shift in :hc industry's strategy. The 
insurance ceriv-atives that hav^ been rccomnicndcd for 
scvera; yean axe starting to play a rok. 

In 1992, we recommended the ci^aaon of an 
in5t.-uraent to bet on the frequencies of catastrophes, 
which the Chicago Board ofTrade (CBOT) introduced 
under the name Causcrophe Futures in 1993 (sec 
Chichiinisky and Heai (1993}). In 1997, Morgan 
Stanley started niarketing a similar instrument: a Bond 
issue whose returca arc linked to hurricane frequency 
and severit>- in the current U.S. season. Rcccndy, 
Merrill Lynch strjc cured a transaction for USAA. the 
vouniry 5 largest direct marketer of home and car insur- 
ajice, offering US^OO million in bonds on the U.S. 
capital nurkccs that are ded to the company's losses 
from hurricanes (see Waters [1996]). 

Financial innovation in reinsurance markets is 
slowly developing, but the underlying pressure is 
relendess. Everyone knows that access to more liquid 
capiwi nurkets is essential to the reinsurance industry: 
The derix-atives rrurket is :he key to liquid and flexible 
trading of weather risk.v 

UNKNOWN RISKS 

UnIcndv.Ti riiks are risks whose frequencies we 
dcf not ksow* and tor which we are aware of cur igno- 
rance ;Chichilnisky |1996d]). You could think of these 
as risks for which wc have more than one acwarial 
table, each equally likdy. There is more than one prior 
estimate of the frequenc/ of the c/cnc (sec Cass, 
Chichiimsky. and Wu [1996]). 

Examples of unknown risks are envitoniueiiul 
health risks of new and little known epidemics, or risks 
induced by scieat:fic uncertainty in predicting theifte- 
quency and severity of causcrophic events suefe as 
nuclear reactor and satellite risks. These risks are driv- 
ing 3ujor changes in the insurance aiid rcinsun|nce 
induitrv- today (sec Chichilnuky and Heal [I998]j.' 

Take a simple example. One reliable source jivcs 
a 2i% annual chance of the occurrence of i hurricane of 
a cenaiu type, and another a ^7% chance. Monte Carlo 
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Simula dons and other prt>cedurej can be used to 
attempt to tease from all modch a unique statistical 
ApprcxiiTiation to the true frcc^ucncy. But what if there 
is ao true frequency*? 

How coiUc chii be; Easily. There may be rwo 
posaible cliniice patterns, both cqcaJy likely. This is 
typical of complex and chaodc iyixctm such as the cli- 
inntc (see Chichilnisky [1998];. 

Many cHmatc cxpcns view clinuce as a funda- 
mencaJly non-linear phenomenon in which chaotic pa^ 
:ertw emer|c easily. Such systems cai5 have vwo **attr*c- 
ton" or wo disnnct overall patterns of behavior, each 
sigTiificantly likely. Each of these atrraciors describes a 
•»vcather pattern, a rtasorublc statistical infereiicc of the 
frequencies of a major event. In such a chaotic system, 
:( is scientificnlly impossible to predia from the initial 
condiuons which of the two patterns the climate will 
u'cc: a pattern with v^o hurhcanes a year or the other 
with a dozen. Because wc cannot predict, we face a risk. 
We call it a chaotic risk because it emerges fejm the 
chaotic Q3CUK of the climate system. 

The first statistical reaction is to construct a new 
actuarial uble by taking an average; assuming the two 
SUMS, 2% and 1273. are equally likely, -Jau is 7%. But 
uking an average does not help. Ic only ensures that 
one is wrong 100% of the time: 50% of the nme we 
atv ovcrinsurcd (the pattern with two hurricanes per 
year), end the other 50% we arc uhccrinsutcd (the pat- 
xrn'.with a dorcn a year). Both have major financial 
cosji.'If each hunicane leads to USS2 billion in losses, 
:hi averaging method leads to a USSIO billion short- 
C^jf 50% of the time and US$10 billion overinsurance 
:he other 50% of the time. Hardly a measured way to 
manage risks. 

is there a solution to this problem? Tnc good ne\vs 
is that there is. It is possible to hedge such unknosvn risks 
successfiilly and efficiently To do so, however, one needs 
a careful and ciucomized approach chat blends both imur* 
ance anc securities approaches to hedging risks. 

TWO ^YS TO HEDGE RISK 

Insurance: The Stadttical Approach 

The statistUa! approach to hedging risks, which 
relics on the law of large niimben, is the tradidonal 
foundation of the insurance industry 

For this to work, risks must be reasonably inde- 
pendent acros$ individ«al$ or groups, and the frequencies 

1VMM4K t m 



must be knov^ii. Loss of life and car accidents are typial 
examples. Here At law of large numbers operates. 

There is safety in numbers; wich a large enough 
populadon, the number of those likely to be iiTccted is 
known with considerable accuracy. The sample moan is 
highly predictable if the ducrxbuticn for each person or 
group is known. This is the standard principle on 
which insurance operates. 

Reinsurance is simply way to augment the 
pool of chose affected so that the law of large numbers 
operates better. All that u needed is a reliable acauriaj 
table describing the incidence per person or group, and 
a large pool of insureds to distribute the risk (see 
ChichUnUk>- and Heai [1993]). 

If the numben aw no: large enough, it is stan- 
dard to spread risk through time. The number of peo- 
ple affected by a hurricane over a ten-year period is at 
least ten timet that affected m one year. This requii« 
that the risks be independent through time, ciiminatiag 
ine\«ersifcle risks such as once-and-for-all shifts arising 
from global warming. 

Hurricanes such as Andrew (1992) and Opal 
(1995), however, defy the bw of brge numbers. They 
aiTect large areas all at once, both in physical and in finatH 
cial terms, and their frequency and severity seem to be 
changing. The acwarial table iaelf has become the risk. 
Insunncc docs not work. What are the akemativesr 

Derivatives: The Economic Approach 

An alternative is the ewnortiic approach. This 
worki best for correlated risks, in which the same event 
occurs for macy people ail at once. A drop in the va^ue 
of the dollar is an example; the event is :he same for 
e'l^ryone in the U.S. economy. There is no way to pool 
this r:sk, although, as wc all know, we can hedge iit bv* 
using derivatives (currency futures or opdons). The 
principle used here is ncgad\'c correlation. One hedges 
by taking a position that is highly corxlated with the 
risk, except with the opposite sign. 

For example, an investor with a dollar-based 
portfolio who fcais a drop m the value of the dollar can 
buy a futures contract in yen, or a dollar put. If the dol- 
lar drops in value, the Livcstor is covered by the inccease 
in the viluc of the derivative. Bear funds have been 
constructed on this principle. 

The economic procedure radically did'eren; 
irotn the insurance approach in that it does not require a 
large number of people. Ncr dr>cs it require knc^^-ing the 
frequency of the e\'cnt or the actuarial uble. This f.mda- 
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mcntall>' diflerem nicdiod U th« v^-ay the jecuricics indus- 
tr/ operates. iTutexd cfvoolir^ rjjk<, one trades riski. 

Securirics markets are, however, notoriously 
complex. For example, the procedure of tracing risks 
jujt oudincd nnakci no seme for individiul risks, such 
as death. How would we dwccibe the death of one Jin- 
gle person within a large economy zs one e^'ent on 
which aH of us can trade? To do so would re<5uire an 
unrcilisticaJIy high number of securities, indeed 2*. 
where x is dae number of people in the economy In a 
world wi:h billion people, tht number of securi- 
ties could exceed the number of alJ known pardcles in 
the universe (sec Chichi; niiky and Heal [1998j). 

Insurance, instead, deals with such risks expe- 
ditiously If all individuals arc in a similar risk class, 
one insurance contract would suffice. The contrast is 
surk, but it makes a point In a world of unknown 
risks, nijiihcr securities nor insurance method* work 
in isclatiou. 

THE IDEAL HEDGE: 
CATASmOPHE BUNDLES 

We see that msunnce does not work when the 
frequency- of a risk is unknown^ and secuhtics do not 
work when the risks are indindual. If neither of rfiese 
two approaches works on its own, what does work? 

The ideal hedge is a combination of insurance 
and '.-securities; diis can achicN-e eflicicnt allocation of 
risjr-bearing. We call this a catastrophe bundle bccaxwc it 
bdfndlcs togprher two types of injtruments. It consists of 
aa" insurance instrumenc widi a nowl derivative sccuri* 
tv for betting on the frequency itself (see Chichilniskv 
and Heal 11993]). 

The bttct Type of secunry has emerged and is 
now traded on the CBOT M we have mer.tioned, 
related securities have rccL-ndy emerged also in the form 
of bondi Coated by Morgan Stanley and Merrill Lynch. 

l*he combination of both instruments ensures 
that no ftnancial catasuophe wiD occur, since the rein* 
surer is not exposed to more r^sks Ehan it can a^ord At 
the »mc dmc, this approach can be used to provide 
nearly fail coverage for the insured at a minimal cost, 

Wc show elsewhere that such instruments lead to 
an elScient aHoeation of risk-bearing (see Chichilnislcy 
and Heal {1993, 1998] and Cass, Chichiinisky, and Wu 
[199^]}, They require a carefully customized ipproach 
to hedging risk. This givw the tradiuonal face-;o-Cnce 
:im;ra;K« approach an edge over raw technology. 



HOW DO CATASTROPHE 
BUNDLES WORK? 

Catastrophe bundles work best in the hands of 
an experienced reinsurer or broker who can customize 
the instrument to the client's needs. In a way. the rein- 
surer IS selling package that cotuists of insurance, a 
security, and a risk raanagement/consulting tool. 

The broker must first identiiy v/ith the dieiit the 
set of possibJe descriptions of the risk. This crucial; part 
of the process involves new techniques of risk minagc- 
n:ent. It is best handled on a facc-to-fecc and customized 
basis. A mathematical formula is then brought to bear in 
customiiing catasttophc bundles m customer needs. This 
formula works vury well when ;hcrc is more than one 
pattern of risk and therefore more d^an one "possible" 
actuarial table, each cable being substantially likely. 

After this is achieved, derivative securities whose 
payofl& depend on which description of the risk is 'cor- 
rect are introduced. These sccurides serve to hedge 
uncertainty about actuarial tables. Finally, one struc- 
tures insurance conwicts cha: establish a compcnsadon 
arrangement in a way that depends on which de^icrip* 
ticn of the risk is correct. 

Catastrophe bxmdlcs are proprietary, and their use 
in a particularly simple case is ilJustnred in Exhibit 1 

PRICING AND OPTIMAL PORTFOUOS 

Fund managers can look at the dip side of this 
picture and seek s combinauon of imurance and securi- 
dcs that offer an optimal portfolio in insutance and 
it:vcs3ncnt markets, A pan of this instrument is what 
Merrill Lynch and Moc|pn Staidcy have floated recendy, 
Securitizing such instruments is, of coune» the next:step. 

Through the use of caastrophe bundles, the 
reinsurance broker can access a large pool of maiuged 
fxittds while offering its clients a customised reinsurance 
service that manages risks optimally, and at very com- 
petitive prices. 

Pricing, of course, is a crucial issue. What is 
needed here is to separate two parts of the risks and to 
push each as far as it will ga The contingent insucincc 
part cf the .nstrument should be applied as &r as possi- 
ble, covering the independent pan of the risk for which 
it is optimally suited. Securities are then used for the 
purpose for which thcv are best: the correlated part of 
the risk. A nufhematical formula used tc construct the 
catastrophe bundle separaus and prices both parts. 
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EXHIBIT I 

CATASTROPHB BUNDLE EXAMPLE 



Humcan* wonc than $3 billion ones in 15" /cur or once in S: 
liwinnce covers ii\dtvi<lual piopert>' nsb 
Securities cover frequency risk 



t in IS 




!rtti:rancc is ptomabie | 



1 it 3 



Inrunnce is utiprofitiblc 



CONVEKGENCE OF INSURANCE 
AND SECUIUTIES MAiOCETS 

It ii ro secret that the icciiridej indwtry is male* 
ing ;nioadv into the reinsurance business. By itself, 
bcwevcT, i: cimoi succeed, because chc individual para 
of the ri&b cannot be handled eSiciendy b>' securities 
markecs; ihcy are too cumbcnomc for individual risb. 
Intjrancc* based cn die law of laigt numbcn, has an 
important place in simplifyir.g financial wansactjons and 
hsdging known individual risia. . 

, , ^Catastrophe bundles offer one approach to com* 
P'OtiAg the hnr.its of each instrument, and blending 
thefc optimally :o achieve the most compeddve pricing 
ozA catastrophe reinsurance portfolio. 

The 6)tutc of che industry' is in the hands o? 
those who achieve the opumcm balance, through intc* 
grating denvative securities with conungent insurance 
contracts, and integrating technology with customized 
fac2-ro-foce know-hew. 

HUKRICANfE RISKS AND EL NlSO: 
ANEXAMPIE 

How exactly would catastrophe bundles work? 
We answer that question wi:h a jinjplc but typical 
example, drawn from hurricane iniurance. Hurricjuic 
incidence is condidoncd by the ENSO cyclc^ so we 
comidi;;. instead of hurricane bonds of the type that 
have recently been :ssufid» a tradable ENSO index,* This 
index would achieve everything one needs (iom hurri- 
cane bonds* but in a more general and simple fashion. 



A n^cablc ENSO index as a contract that pays an 
agreed amount condngcnt on the value of a physical 
index* It is limiiar in concept to the causttophc futures 
traded on the CBOT, and is an example of a security 
conditional on the incidence of the insured peril* ihat 
is, on which risk description is correct. 

There aw two extreme states of the ENSO 
cycle, known *5 El Nino and La Nina. In El Ni5o 
years, hurricane mcidence in che southeastern U;S. is 
bciow average; m La Niua years, it is abov'e. 

Exhibit 1 shows possible piobabiUty distribu- 
tions of damage due :o hurricanes conditional on El 
Nino or La Nica yean. 

As an example, assume that» in an £1 Nino year; 
there i« a IC'% chance of a )5 billion loss, a 20% chance 
of a 510 bfljon loss, and a 10% chance of a $15 b91ion 
loss. The expected vduc o: the damage is therefore: (0 1 
X S5) + (0.2 X 410)+(0.1 X $15) = $4 billion. In':a La 
Nana year, the probabtlitics are 20%, 30%, and 209^, 
respectively, giving an expected loss of $7 bilSion. 
Assume tha: there is a 40% chance of an El Nino year» 
and a 605^ chance of a La N;na ycar.^ The total value of 
insured property is taken as S30 billion, so that in a 
worst case scenario — when the hunicane damage is at 
its niaximiun of S15 billion — half of this value is atirisk. 

In ao El Nino year, the expected loss is 13;33% 
of the insured risks, and ;n a La Nina year, it is 23.33%. 
It follows tlut the rates on hnc (i.e., prorriums as a per- 
centage of the insured amount) conditional on btiing in 
El Nino and La Nifia years would need to be at least 
13.33?^ and 23.33%, respectively, :o break even in 
expected vahie terms. 
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EXHIBIT 2 

HURRICANE PROBABILITIES AND THE ENSO SYSTEM 




LotMS 



As w have airea<iy noted, expected losses arc 
diifecem, depending on what cypc of year we art in. 
Be:ote we know what kind of year will occur, wc 
therefore have an expected loss due to El Nino equal to 
the expected lo« in an B Nino year time* the pioba- 
bilicy of such a year, i,e., (0.4 x J4) « $1.6 billion. For 
U Nifta» the eqmvaJciit caicuhtion is (0.6 x $7) = $4.2 
billion. Hence, cx ana. bctore we knew which year we 
are or will be in, che expecrcd losses in EL Nifio and La 
Nina years arc, rcspcctivul>; SI, 6 billion and S4.2 bil- 
hon, ^5^^'ing a total of $5.8 billion as the annual expect- 
ed loss altogether 

We can now compute the prcmiunu djat would 
havi' io be charged for cover in each t>*pe of year 
bcfi&re the :ypc of year is knowti, in order to break 
cAn on average. These would have to be the prcou- 
uihs conungcnt on being in each year — seen above to 
be 13.33% and 23.33% for El Nino and La Nina 
multiplied by the probabilities sf each type of year. 
Thus the cx ante rates on line (b«fo« » known 
whether we are in an El Niflo or a La Nina year) have 
to be at least (0.4 x ;3.33%) = 5.33% or (0.6 x 
23.33%; = I3.99%..rapcctjv€ly. 

If insurets foLow the obvious and traditional 
procedure of charging preraiunu based on the overall 
expected lost and not distinguishing between the two 
climate patterns, they will charge premiums that will 
bring in their overall cx ante expected loss of $5.8 bil- 
lion, implying a rate on line of 5.8/30 = 19.33*^, This 
is unsatisfactory because in El Nino years they are over- 
charging (expected dainu are S4 billion; the rate on 
line necc be only '.3.33%); La Niiia years, they are 
undercharging (expected claiins are $7 billion; a rate on 
line of 23.33% is needed). 



In the former case, the insur- 
ers axe charging prenumns in excess 
of expected losses by $1.8 biilion, 
hardly a compctiuvx strategy, and in 
the Utter case, premium income 
falls short of expected d;ums by 
$1.2 billion, dearly a dangerous and 
uiuustainablc posidon. Ncithcr.case 
is saduaaory. To match osseo vO lia- 
bilities properly, insurers need to 
shift income troin E! Nino to Li 
Nina years. 

This is where securities con- 
ditional on incidence, on descrip- 
tion of the rwt come into the pic- 
ture. They can be used to tnnsfer 
income between £1 Nino and La Nina y\;aTS so that the 
surplus in the forn^cr cover the deficit in the latter. 
need a security; whose value depends on the incidence 
of hurricanes; for the purposes of this example, we cake 
this to be a tradable ENSO index. This would be a 
contract whose value depends on the value of the 
ENSO index and in which traders can take long or 
short positions. By trading tliis security, the insurer in 
our example can in effect trade income in El >5i£.o 
years for income in La Nina years. 

The odds wo ric out nicely. The insurer wants to 
sell $1.8 billion in an El Niflo year, its surplus of pw- 
nuum income over expected claims, which occurs with 
a 40% chance. Corresponding, it needs to buy Jl.2 
billion of income in La N:^ia years, to cover the Short- 
fall between preraium income and expected claims. In 
our example, this happens 60% of the dmc. 

The prices for ENSO index contracts delivering 
$1 in H Ni^o and U Niiia years be proportional 
to the probabilities of these events, and so will be in the 
rado of 0.4/0.6 or 2.O. But $1.2 bill:on/$l.S biJion = 
2/3, so that at such prices the sale of surplus income in 
El Nino yuars will exactly finance the purchase of 
ijKome to cover the deficit in La Nirii years. 

OveriU, rficn, we have a pattern of transactions 
as foilowi! 

1. Issuing insurance contracts which provide cover 
against damage in either B Nino or La Nina years. 

2. Selling $1.8 billion of contracts contingent on the 
ENSO index having a value corresponding to an El 
Nino >'ear. at a price of $0 40 per dollar. 

3. Buying $:.2 biEicn of contracts condngcnt on the 
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ENSO index having a value cornjsponcing to a Li 
Nifta year, at $0.60 per dollar. 

This specific combinition of trtides in securitiet 
and insurance policies described in these steps is what 
\we r«fcr to as **cata$tropbe bundles." Through 'trading 
catasaophe bundles, i:uuren can amnge complete 
cover for themseh'e? and their clients at nunimun) cost, 
in spite of not kiicwiug what the odds of loss wiD be. 
They achic\r this by a specific tailor-made combination 
of insurance contracts and securities. AH these contracts 
are conditionai on the incidence of the insured risk. 

How different is this approach from the pncticc 
today? The securities is:iued today securidze iiuunnce 
or reinsurance risks, and therefore bring more Uquitiity 
to the rcirwcrancc market. This b an imprtwmcnt. But 
these securities still leave open the powibiliry that the 
ijwurer \s cither offering no n- competitive ratea or tak- 
ing on a dangerous exposure. Today's securities do no: 
tackle the essence ot'thc problem. 

The key to catastrophe bundles is to recognize 
that when there are icveral possible actuarial tables* all 
reasonably likely, vv^e have to supplement insurance 
introducing and trading securities dependent on them. 
A specific combinaton of insurance and securities, and 
an equally specific pricing poHcy, are required for an 
optimal allocation of risks on compcritivc terms. 

ENDNOTES 

'Chkhilrisky |1996cl. advances a propctJ for t global 
n^rlccc on greenhouse gas sfnisaiom ar.d aa Intcmabudii S*:^ for 
Envirenmcmal Stfitienienn to handle ^xecuttoM, clcusAg, tnd 
Utmttim u well o regulAtc b^rTQwing and ler.ding rata. 

^NSC sundi fbc the £1 NiAo*Sou(hcn Oicillator. ths 
lunae ^iveu to the M'sathcr pactum that ohginatea in dtc eqitatonal 
Pacific and in^uencct rsinfall and storm incidence from Atuttalia to 
wuihtni Aftica, An indicator of ?hc kwc vttht £KSO cycle ii a tea 
jurfiKC lempexatuw {SST) index for the cquatotbl Picific. 



^"Thh tt a amplificiucn. Ther? ice aiw years thai arc no- 
rher, 30-<aUed ncutrai ycarj. The numbc:^ wc ksc in this example 
ire purely ilhjstntive. 
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GRACIELA CHICHILNTSKY AND GEOFFREY HEAL 



3 .5. Financial Markets for Unknown Risks * 



1. Introduction 

New risks seem to be an unavoidable in a period of rapid change. The last few 
decades have brought us the risks of global wanning, nuclearmeltdown, ozone 
depletion. Mure of satellite launcher rockets, collision of supertankers, ATOS 
and Ebola.' A key feamre of a new risk, as opposed to an old and familiar 
one, is that one knows little about it In particular, one knows little about the 
chances or the costs of its occurrence. This makes it hard to manage these 
risks: existing paradigms for the rational management of risks require that 
we associate probabilities to various levels of losses. This poses particular 
challenges for the insurance industry, which is at the leading edge of risk 
management Misestimation of new risks has lead to several bankruptcies in 
the insurance and reinsurance businesses.^ In this paper we propose a novel 
framework for providing insurance cover against risks whose parameters are 
unknown. In feet many of die risks at issue may be not just unknown but 
also unknowable: it is difficult to imagine repetition of the events leading 
to global wanning or ozone depletion, and, therefore, difficult to devise a 
relative frequency associated with repeated experiments. 

A systematic and rational way of hedging unknown risks is proposed here, 
one which involves the use of securities inarkeis as well as the more traditional 
insxtfance techniques. This model is quite consistent with the current evolution 
of the insurance and reinsurance mdustries, which are beginning to explore the 
securitization of some aspects of insurance conttacts via Act of God-bonds, 
contingent drawing facilities, catastrophe funrres and similar innovations. In 
fact, our model provides a fonnal fiamcwbrk within which such moves can 
be evaluated. An earlier version of dus . framework was presented m [6]; 
Chichilnisky [3] gives a more industry-oriented analysis. 

This merging of insurance and securities market is not surprising: tradi- 
tionally economists have recognized two ways of managing risks. One is risk 

• We are grateful to Peter Bemstein, David Cass and Frank Hahn for valuable coaunents on 
an earlier veision of this paper. 

277 

C. Chiehibtisky a oL (eds.). SuataunbUity: Oynemes and UnetrtaiMy, 277-294. 
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278 G. Chichilnisky and G. Heal 

pooling, or insurance, invoking the law of large numbers for independent and 
identically distributed (ED) events to ensure that the insurer's loss rate is 
proportional to the population loss rate. This will not work if the population 
loss rate is unknown. The second approach is the use of securities markets, 
and of negatively correlated events. This does not require knowledge of the 
population loss rate, and so can be applied to risks which are unknown or not 
independent. In fact, securities markets alone could provide a mechanism for 
hedging unknown risks by the appropriate definition of states, but as we shall 
see below this approach requires an unreasonable proliferation of markets. 
Using a mix of the two approaches can economize greatly on the number 
of markets needed and on the complexity of the institutional firamework. In 
the process of showing this, we also show that under certain conditions the 
market equilibrium is anonymous in the sense that it depends only on die 
distribution of individuals across possible states, and not on who is in which 
state. 

The reason for using two types of instrument is simple. Agents face two 
types of uncertainty: uncertainty about the overall incidence of a peril, i.e., 
how many people overall will be affected by a disease, and then given an 
overall distribution of the peril, they face uncertainty about whether they will 
be one of those who are afTected. Securities contingent on the disttibution of 
the peril hedge the former type of uncertainty: contingent insurance contracts 
hedge the latter. 

Our analysis implies that insurance companies should issue insurance con- 
tracts which depend on the frequency of the peril, which we call a statistical 
sute. The insurance companies should offer individuals an array of insur- 
ance contracts, one valid in each possible statistical state. Insurance contracts 
are, therefore, contingent on statistical states. Within each statistical state, of 
course, probabilities are known. Therefore, companies are writing insurance 
only on known risks, somethmg which is acwarially manageable. Individuals 
then buy the insurance that they want between different statistical states via 
the markets for securities that are contingent on statistical states. The follow- 
ing is an illustration for purchasing insurance against AIDS, if the actuarial 
risks of the disease are unknown. One would buy insurance against AIDS 
by (1) purchasing a set of AIDS insurance contracts each of which pays off 
only for a specified incidence of AIDS in the population as a whole, and 
(2) making bets via statistical securities on the incidence of AIDS in the pop- 
ulation. Likewise, one would obtain cover against an effect of climate change 
by ( 1 ) buying insurance policies specific to the risks faced at particular levels 
of climate change, and (2) making bets on the level of climate change, agam 
using statistical securities. The opportunity to place such bets is currently pro- 
vided in a limited way by catastrophe fumres maricets which pay an amount 
depending on the incidence of hurricane damage. 

The present paper cfraws on recent findings of Chichilnisky and Wu [5] and 
Cass et al. [4], both of which smdy resource allocation witii individual risks. 
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Both of these papers develop further Malinvaud's [15,16] original formulation 
of general equilibrium with individual risks, and Arrow's [1] formulation of 
the role of securities in the optimal allocation of risk-bearing. Our results are 
valid for large but finite economies with agents who face unknown risks and 
who have diverse opinions about these risks: in contrast, Malinvaud's results 
are asymptotic, valid for a limiting economy with an infinite population, and 
deal only with a known distribution of risks. Our results use the formulation 
of incomplete asset markets for individual risks used to study defeult in [5, 
section 5.c]. The risks considered here are unknown and possibly unknowable, 
and each individual has potentiaUy a different opinion about these risks, while 
Chichilnisky and Wu [5] and Cass et al. [4] assume that aU risk is known. 



2. Notation and Definitions 

Denote the set of possible states for an individual by 5, indexed by s =s 
1 , 2. . . . , S. Let there be H individuals, indexed by h - 1, 2, . . . , fT. All 
households have the same state-dependent endowments: endowments depend 
solely on the household's individual state 5, and this dependence is the same 
for all households. The probability of any agent being in any state is unknown, 
and the distribution of states over the population as a whole is also unknown, 
A complete description of the state of the economy, called a social state, 
is a list of the states of each agent There are 5^ possible social states. A 
social state is denoted a : it is an ff-vcctor. The set of possible social states 
is denoted Q and has elements. A statistical description of the economy, 
called a statistical state, is a statement of the fraction of the population in each 

state: it is an S-vector. There are ('^Jf statistical states. Cleariy many 

social states map into a given statistical state. For example, if in one social 
state you are well and I am sick and in anotiier, 1 am well and you are sick, 
then these two social states give rise to the same statistical state. Intuitively, 
we would not expect the equilibriimi prices of the economy to differ m these 
rwo social states. One of our results shows diat under certain conditions, the 
characteristics of the equilibrium are in fact dependent only on the statistical 
state. 

How does the distinction between social and statistical states contribute 
to risk management? Using the traditional approach, we could in principle 
trade securities contingent on each of the 5^ social states. Clearly this would 
require a large number of maricets, a number which grows rapidly with the 
number of agents. The institutional requirements can be gready simplified. 
When die characteristics of the equilibrium depend only on the statistical 
state, one can trade securities which are contingent on statistical states, i.e., 
contingent on the distribution of individual states within the population, and 
still attain efficient allocations. We will trade securities contingent on whether 
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4 or 8% of the population are in state 5, but not on which people are in this 
state. Such securities, which we will call statistical securities, plus mutual 
insurance contracts also" contingent on the statistical state, lead (under the 
appropriate conditions) to an efficient allocation of risks. A mutual insurance 
contract contingent on a statistical state pays an individual a certain amount 
in a given individual state if and only if the economy as a whole is in a given 

statistical state. • i 

Let Zjtu, denote the quantity of good ; consumed by household n in social 
state a ■ Zha is an iV-dimensional vector of a// goods consumed by h in social 
state <r, z^<, = Z;^^. j = 1 , • . . . ^ and zfc is an 7^5^ -dimensional vector of 
all goods consumed in all social states by /i, i/i = z/ur , <7 2 ft. 

Let sih,cr) be. the state of individual h in the social state a, and r,((T) 
be the proportion of all households for whom 5(h,(7) = s. Let r(<r) = 

(o-j rs{a) be the distribution of households among individual states 

within die social state <7, i.e., the proportion of all individuals in state s 
for each s. r{a) is a statistical state. Let R be the set statistical states, i.e., 
of vectors r{e) when a runs over Q. R is contained in S\ die product of 

is household /I's probability distribution over the set of social states 
and 11^ denotes the probability of state ex. Although we take social states 
as the primitive concept, we in fact work largely with statistical states. We, 
therefore, relate preferences, beliefs and endowments to statistical states. This 
is done in the next section: clearly any distribution over social states implies 
a distribution over statistical states* 

The following anonymity assumption is required: 

This means that cwo overall distributions a and cr' which have the same 
statistical characteristics are equally likely. Then 11^ defines a probability 
distribution 11^? on the space of statistical states K IlJJ can be interpreted, as 
remarked above, as /I's distribution over possible distributions of impacts in 
the population as a whole. The probability that a statistical state r obtains and 
that simultaneously, for a a^en household h a particular state 5 also obtains, 

n?,, is^ 



nj, =n,V, with X]n^r-n^. d) 

s 

The probability that, for a given h, a particular individual state $ obtains 
is, therefore, given by 

where is the proportion of people in individual state s in statistical state 
Note that we denote by n^j^ the conditional probability of household /i 'being 
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in mdividual state conditional on the economy being in statistical state r. 
Clearly = ^^^^J^^^ "^^^'^ 

i e that the probability of anyone being in individual sme 5 contingent on 
ie economy being in statistical state r is the relanve frequency of state s 
contingent on statistical state r. 



3. The Behavior of Households 

Let be the endowment of household h when the individual state is s . We 
assume tiiat household h always has the same endowment m J^e m±v,dv^^^ 
state 5. whatever the social state. We also assume that aU households have tiie 
same endowment if they are m the same individual state: endowments differ 
therefore, only because of differences in individual states. This descnbes the 

nsks faced by individuals. . . 

Individuals have von Neumann-Morgenstem ubunes: 

a 

This definition indicates that household h has preferences on constmption 
which may be represented by a "state separated" utility funcnon W defined 
from elementary state-dependent utility fiinctions. 

We assume like Malinvaud [15] that v^re/erencej are separable over sta- 
tistical states. This means that the utility of household h depends on a only 
through the statistical state r(<7). If we assume fimber that in state cr house- 
hold h takes into account only its individual consumption, and what overall 
frequencv disnibution r{o) appears, and nothing else, then its consumpnon 
plan can' be expressed as = Zh„' its consumption depends only on its 
individual state s and the statistical state r. Summation with respect to social 
states a in the expected utility function can now be made first within each 
statistical state. Hence we can express individuals' utility functions as: 



which expresses the utility of a household in terms of its consumption at 
individual state s witiiin a statistical state r, summed over statisocal states. 
This expression is important in the following results, because it allows us 
to represent die utility of consumption across social states cr as a fwction 
of statistical states r and individual states, s only. The functions are 
assumed to be C^ stricdy increasing, strictly quasiconcave, and the closure 
of the indifference surfaces {U^]-^{x) C int(ii'^+) for all a: 6 J?- . The 
probabilities 11^ are in principle different over households. 
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4, Efficient Allocations 

Let p* be a competitive equilibrium price vector of the Arrow-Debreu econo- 
my E with markets contingent on all social states^ and let z* be the associated 
allocation. We will as usual say that z* is Pareto efficient if it is impossible to 
find an alternative feasible allocation which is preferred by at least one agent 
and to which no agent prefers z\ Letp^ and z* be the components of j?' and 
z\ respectively, which refer to goods contingent on states. 

We now define an Airow-Debreu economy E, where markets exists con- 
tingent on an exhaustive description of all states in the economy, i.e. for 
all social states a e We, therefore, have NS^ contingent markets. An 
Arrow-Debreu equilibrium is a price vector p' =: (p<r)>p<r € R^'^.a € fi, 
and an allocation z" consisting of vectors = (z^^) ,zj[^ € R^^.a £ 
f2, /i = 1 , . . . , if such that for all /i» zJJ maximizes 

w^'U;) = En5c/M^i;j (3) 

subject to a budget constraint 

P(4-«/i) =Q (4) 
and all markets clear: 

E i^h - e/i) = 0. (5) 

h 

Proposition 1 considers the case when households agree on the probability 
distribution over social states, this common probability being denoted by II. 
It follows that they agree on the distribution over statistical states. It shows 
that in diis case, the competitive equilibrium prices p" arid allocations z* arc 
the same across all social states cr leading to die same statistical state r.^ 

PROPOSITION 1. JVhen agents have common probabilities, i.e., = II-' 
V/i, j, then equilibrium prices depend only on statistical states. Consider an 
Arrow-Debreu equilibrium of the economy E, p* = (p* ), z* = (z^), a 6 fi. 
For every state a leading to a given statistical state r, z. e„ such that r (a) r. 
equilibrium prices and consumption allocations are the same, L e., there exists 
a price vector p* and an allocation z* such that a : r (a) = r, p* = p; and 
z; = z;, where p; 6 i?^"*" andz; € R^^ depend solely on r. 
Proof, In the Appendix, 

DEFINITION. An economy is regular if at all equilibrium prices in the 
Jacobian matrix of first partial derivatives of its excess demand fimction has 
full rank [11]. Regularity is a generic property [10, 1 1]. 

We now consider the general case, which allows for U'^ 76 UP if h j. 
Proposition 1 no longer holds: the reason is that households may not achieve 
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full insurance at an equilibrium. However, Proposition 2 states that if the 
economy is regular, if all households have the same preferences and if there 
are two individual states, there is always one equilibrium at which pnces are 
the same at all social states leading to the same statistical state. This confirms 
the intuition that the characteristics of an equilibrium should not be changed 
by a permutation of individuals: if I am changed to your state, and you to 
mine, everyone else remaining constant, then provided you and I have the 
same preferences, the equilibrium will not change. 

PROPOSITION 2. An Arrow-Debreu equilibrium allocation of the economy 
E(p\z') is not fully insured ifTl*" # n*/or some households h,k with 
in (2). In particular, household h has a different equilibrium 
allocation across social states a\ and with r(<7|) = r{ai). When E is 
a regular economy all agents have the same utilities, and there are two 
individual states, then one ofthe equilibrium prices p* must satisfy p^^ = p^, 
for all <r 1 ,(72 with r (cri ) = r (pi) . 
Proof In the Appendix. 



5. Equilibrium in Incomplete Markets for Unknown Risks 

Consider first the case where fAere are no assets to hedge against risk, so 
that the economy has incomplete asset markets. Individuals cannot transfer 
income to the unfavorable states. Examples are cases when individuals are 
not able to purchase hurricane insurance, as in some parts of the south eastern 
United States and in the Caribbean. Market allocations are typically inefiicient 
in this case, since individuals cannot transfer income from one state to another 
to equalize welfare across states. Which households will be in each individual 
state is unknown. Each individual has a certain probability distribution over 
all possible social stares a, 11'*.' In each social state a each individual is 
constrained in the value of her/his expenditures by her/his endowment (which 
depends on the individual state s (h, a) in that social state). In this Context, a 
general equilibrium of the economy with incomplete markets. Ej consists of 
a price vector p' with NS^ components and H consumption plans with^ 
NS" components each, such that zj; maximizes W'^ 

subject to 

Pa(2/ia -eh^) = 0 for each a 6 f2 (7) 

and 
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The above economy Ei is an extreme version of an economy with incom- 
plete asset markets (see, e.g., [13]) because there are no markets to hedge 
against risks: there are 5^ budget constraints in (7). 

6. Efficient AJlocations, Mutual Insurance and Securities 

In this section we smdy the possibility of supporting Arrow-Debreu equi- 
libria by combinations of statistical securides and insurance contracts, rather 
than by using state contingent contracts, As already observed, this leads to 
a very significant economy in the number of markets needed. In an econ- 
omy with no asset markets at all, such as E/, the difficulty in supporting 
an Arrow-Debreu equilibrium arises because income cannot be transferred 
between states. On the basis of Propositions 1 and 2, we show that households 
can use securities defined on stadstical states to transfer into each such state 
an amount of income equal to the expected difference between the value of 
Arrow-Debreu equilibrium consumpdon and the value of endowments in that 
state. The expectation here is over individual states conditional on being in a 
given statistical state. The difference between the actual consumption-income 
gap given a particular individual state and its expected value is dien covered 

by insurance contracts. Recall that A is the binomial number A = 

THEOREM L Assume that all households in E have the same probability 
Tl over the distribution of risks in the population. Then any Arrow-Debreu 
equilibrium allocation (p*, z*) ofE (and, therefore, anyPareto Optimum) can 
be achieved within the general equilibrium economy with incomplete markets 
El by introducing a total of LA mutual insurance contracts to hedge against 
individual risk and A statistical securities to hedge against social risk In a 
regular economy with two individual states and identical preferences, even if 
agents have different probabilities^ there, is always an Arrow-Debreu equi^ 
Ubrium (p',z') in E which is. achievable within the incomplete economy E[ 
with the introduction of I, A mutual insurance contracts and A statistical 
securities. 

Proof In the Appendix. 

6.1. Market Complexity 

We can now formalize a statement made before about the efficiency of the 
institutional strucmre proposed in Theorem 1 by comparison with die standard 
Arrow-Debreu structure of a complete set of state-contingent markets. We 
use here complexity theory, and in particular the concept of NP -completeness. 
The key consideration in diis approach to studying problem complexity is how 
fast the number of operations required to solve a problem increases with the 
size of the problem. 
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DEFINITION. If the number of operations required to solve a problem must 
increase exponentially for any possible way of solving the problem, ttien the 
problem is called ''intractable " or more fonnally, NP<omplete, If this num- 
ber increases polynomially, the problem is tractable. Further definitions are 

in [12]. 

The motivation for this distinction is of course that if the number of operations 
needed to solve the problem increases exponentially with some measure of 
the size of the problem, then there will be examples of the problem that 
no computer can or ever could solve. Hence there is no possibility of ever 
desiening a general efficient algorithm for solving these problems. However, 
if the number of operations rises only polynomially then it is m principle 
possible to devise a general and efficient algorithm for the problem. 

Theorem 2 investigates the complexity of the resource allocation problem 
in the Arrow-Debreu framework and compares this with the framework of 
Theorem I. We focus on how the problem changes as the economy grows 
in the sense that the number of households increases, and consider a very 
simple aspect of the allocation problem, which is as follows. Suppose that 
the excess demand of the economy Z (p) is known. A pardcular price vector 
p* is proposed as a maricet clearing price. We wish to check whetheror not 
it is a market clearing price. This involves computing each of the coordinates 
of Z (p) and then comparing with zero. This involves a number of operations 
proportional to the number of components of Z(p); we, therefore, take the 
rate at which the dimension of Z (p) increases with the number of agents to be 
a measure of the complexity of the resource allocadon problem. In summary: 
we ask how the difficulty of verifying market clearing increases as the num- 
ber of households in the economy rises. We show that in the Arrow-Debreu 
framework this difficulty rises expohendally, whereas in th6 framework of 
Theorem 1 it rises only polynomially. 

THEOREM 2. Verifying market clearing is an intractable problem in an 
Arroy^-Debreu economy, i.e., thenumber of operations required to check if a 
proposed price is market clearing increases exponentially with the number of 
households H. However, under the assumptions of Theorem I, in the economy 
El supplemented by LA mutual insurance contracts and A statistical secu-^ 
rities, verifying market clearing is a tractable problem, /.e*. the number of 
operations needed to check for market clearing increases only polynomially 
with the number of households. 

Proof The number of operations required to check that a price is market 
clearing is proportional to the number of market clearing conditions. In E 
we have NS^ markets. Hence the nmhber of operations needed to check if 
a proposed price is market clearing must rise exponentially with the number 
of households H. Consider now the case of Ej supplemented by LA mutual 
insurance contracts and A securities. Under the assumptions of Theorem 1, 
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.by Propositions 1 and 2, we need only check for market clearing in one social 
state associated with any statistical state, as if markets clear in one social state 
leading to a certain statistical state they will clear in all social states leading to 
the same statistical state. -Hence we need to check a number of goods markets 
equal to N,A^ plus mailcets for mutual insurance contracts and securities. 
Now 



where i{H, S) is a polynomial in H of order (5 - 1). Hence A itself is a 
polynomial in H whose highest order term depends on H^^ ^ , completing the 
proof. ^ □ 



7. Catastrophe Futures and Bundles 

We mentioned in the introduction that securities contingent on statistical 
states are already traded as "catastrophe futures" on the Chicago Board of 
Trade, where they were introduced in 1994. Recentiy, hurricane bonds and 
earthquake bonds have been introduced, additional examples of statistical 
securities. (The concept was discussed by Chichilnisky and Heal in 1993 
[6].) Catastrophe futures are securities which pay an amount that depends 
on the value of an index of insurance claims paid during a year. One such 
index measures the value of hurricane damage claims: othen measure claims 
stemming from different types of natural disasters. The value of hurricane 
damage claims depends on the overall incidence of hurricane damage in the 
population, but is not of course affected by whether any particular individ- 
ual is harmed. It; therefore, depends, in our terminology, on the statistical 
state, on the distribution of damage in the population, but not on the social 
state. Catastrophe futures are thus financial instrriments whose payoffs are 
conditional on statistical state of the economy: they are statistical securities. 
According to our theory, a summary version of which appeared in [6] in 1 993^ 
they are a crucial prerequisite to the efficient allocation of unknown risks. And 
as the incidence and extent of natural disaster claims in the U.S. has increased 
gready in recent years, risks such as hurricane risks are in effect unknown 
risks: insurers are concerned that the incidence of storms may be related to 
trends in the composition of the atmosphere and incipient greenhouse wann- 
ing. However, catastrophe funires are not on dieir own suflBcient for this: 
they do not complete the market Mutual insurance contracts, as described 
above, are also needed. These provide insurance conditional on the value of 
the catastrophe index. The two can be combined into "catastrophe bundles", 
see [3]. 
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8. Conclusions 

We have defined an economy with unknown individual risks, and established 
that a combination of statistical securities and mutual insurance contracts 
can be used to obtain an efficient allocation of risk-bearing. Furthermore, 
we have shown that this institutional structure is efficient in Ae sense that 
it requires exponentially fewer markets that the standard approach via state- 
contingent commodities. In fact, die state-contingent problem is "intractable" 
with individual risks (formally, NP-complete) in the language of computation- 
al complexity, whereas our approach gives a formulation that is polynomially 
complex. This greatly increases the economy^s ability to achieve efficient 
allocations. Another interesting feature of this institutional sirucmre is the 
interplay of insiu-ance and securities markets involved. Its simplicity leads to 
successful hedging of unknown risks and predicts some convergence between 
the insurance and securities indiistries. 



9, Appendix 

PROPOSITION 1, When agents have common probabilities, i.e.. EI'^ = 11^ 
V/i, j. (hen equilibrium prices depend only on statistical states. Consider an 
Arrow-Debreu equilibrium of the economy ErP* = (pj')*'^ = (z^), a 6 H. 
For every state o leading to a given statistical state r, i.e., such that r (a) = r. 
equilibrium prices and consumption allocations are the same, L e„ there exists 
a price vector p* and an allocation z* such that Vcr : r (a) r, p* ^ p* and 
z; = z;. where p; € i?^"^ andz; € -R^^ depend solely on r. 

Proof. Consider a{ and ci with r(cT\) = rioz) == r. Note that the total 
endowments of the economy are the same in a\ and 02, both eqtial to Sr ~ 
HrsChs (recall that e/tj e, as endowments depend only on individual 
states and not on household identities). Also, by the anonymity assumption, 
n^y. = n^r: = Hr, where Jlr is the common probability of any social state in 
the statistical state r. Let n^^jp be the probability of being in social state a 
given statistical state r. By the anonymity assumption on probabilities this is 
just 1 /#nr. We now show that for every household h, z]^^ = t^^^, due to 
the Pareto efficiency of An-ow-Debreu equilibria. Let f^i- = {cr r r (a) = cr}. 
Let z* — i^ka)* and assume in contradiction to the proposition that there 
are a-\ and 02 € Clr such that zj^^ ^ ir^^^for some. A. Define Ez^r = 
E^€n. 2ka^<T\r = Ecreo^zj;^- This is the expected value of {z;^) 

given tiiat the economy is in the statistical state r. Now 




so diat Ezkc is a feasible consumption vector for each /i in the statistical state 
r. Next we show that by strict concavity, moving for each h and each a from 
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z*^^ (which depends on a) to Eznr (which is the same for all cr € fi), is a 
, strict Pareto improvement This is because 

{zu = x; n^' {zU » E nr E n.ir t^" {z',,) • 

By strict concavity of preferences, 

< E n.. E f E 4.n.\r) = E E (Ez^) ■ 

Since is Pareto superior to z' with z't^^ z'^^^^, such a z' cannot be 
an equilibrium allocation: Hence z*^^ = z'f^, = s^, for all /i = I, ... 
Note that this implies that in an equilibrium, household h consumes the same 
allocation z^^ across all individual states s in a given statistical state, i.e. it 
achieves full insurance. Since p' supports the equilibrium allocation z*, and 
^/I<r, = ^ho, « follows that p;, = pjj when r (ci) = r (aj), because utilities 
are assumed to be and, in particular, to have a unique gradient at each 
point which, by optimality, must be coUinear both with p^, and with p;, , i.e. 
Par = Pcri = Pr- Thls implies that at an equilibrium, household h fiiCM the 
same prices p' at any a with r (a) = r. q 

PROPOSITION 2. An Anvw-Debreu equilibrium allocation of the economy 
£ (p', «•) is notfiilly insured i/U^ ^ for some households h, k with 
U" i^U .In particular, household h has a different equilibrium allocation 
across social states 0[ and with r{a^) = r(cr2). When E is a regular 
economy, all agents have the same utilities} and there* are two individual 
states, one of the equilibrium prices p' must satisfy p!, = p* for all a\.a->- 
withr{<j\) = r{a2). ' \ <'i . 

Proof Suppose that household is in feet fully insured so that zl " = 
for. all c7.' and ui with r(<ri) = r,{ci). Household /I's consumption levels 
are yj,^ and yj,,. where si = s (/i, cri) and = 5 (/i, aa)- By assumption we 
have v',, = y\^^. Now from (2) householdTi's marginal rate of substitution 
between consumption in states a i and ai is nj^,^/nj,,^. Suppose also that 
household k,k^h, is fully insured. Then by the 'same argument k's marginal 
rate of substimtion between consumption in states ctj and ai is IT* |^/n* ^. 
But if different households have different probability distributions' diis Is a 
contradiction as both face the same price vector. 

Assume now that E is regular, that all agents have the same preferences, 
and that 5 = 2. Consider two social states ai and a2 with r(<7i) = r((7-»), 
and such that oi differs from az only on the individual states of the two 
households /i] and /12 which are permuted, i.e., s(/i,,a,) = 5(^2,0-1) and 
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5 ('/lo. ai ) = 5 (/ii , 0*:) . Assume that there exists an equilibrium price for E, 
p* g R^^" , such that its components in states a[ and are different, i.e. 
Pl^ ^ Define now a new price € R^^^ , called a "conjugate" of p\ . 
which diners from p' only in its coordinates in states a\ and aa, which are 
permuted as follows: V a ^ cuxs\, % = pj, p;, = pj,, and^, = p;,. We 
shall now show that p* is also an equilibrium price for die economy E. Atp', 
household h\ has die same endowments and feces the same prices in states 
(7 1 and <72 as it did at states oi and <y\ respectively at price p'; at all other 
states <7 € /i| faces the same prices and has the same endowments facing 
p' and facing pV The same is aue of household Aa- Furthermore, hi and /12 
have the same utilities and probabilities at a\ and ci because r {a\) = r {oi) 
and probabiliries are anonymous. Therefore, the excess demand vectors of 
h\ in states c\ and at prices p" equal the excess demand vectors of h\ 
in oi and a\ respectively, at prices p', and at all other states a 6 Q the 
excess demand vectors of h\ are the same at prices p' and p*. Reciprocally: 
the excess demand vectors of /12 in ai and ui at prices p* equcd the excess 
demand vectors of /ii in ai and ai; respecdvely at prices j5*, and in all other 
Slates cr, the excess demand vectors of h^ are the same as dicy arc with prices 
p'. Formally: 

and Va € 12, a 5^ ai, 0*2: 

^/iicr (p*) = 2:/i,<r!(p') , ?A2<r (p*) = ^^^ja (P*) - 

The excess demand vectors of all odier households /i ?i /ii , /12 are the same 
for p* and pV Therefore, at j5' the aggregate excess demand vector of the 
economy is zero, so that p* is an equilibrium. The same argument shows that 
permuung the two components p^, , p*, of a price p' at any two social states 
c\,a2 leading to the same statistical state r (a i) leads from an equilibrium 
price p' to another equilibrium pricjs^'. This is because if two social states 
(7 1 and a2 lead to the same statistical state and there are two individual states 

5 1 and 52 then there is a number > 0 such diat k households who are in si 
in a 1 are in 52 in jji and another /c households who were in 5i in cr2 are in 

52 in (7| , while remaining in the same individual states otherwise. These two 
sets of k households can be paired; For every pair of households, the above 
argument applies. Hence it applies to the sum of the demands, so that the new 
price p' is an equilibriunt 

Now consider any regular economy E with a finite number of equilibrium 
prices denoted pj, . . . ,pfc. We shall show that there exists a j < Jfe s.t pj 
assigns the same price vector to all social states cri^ai with r (cri) = r {aji 
Start with p\ : if p* does not have this property, consider the first two social 
states cr I, cr2 withr(cri) = ^{a^)^x\dp]^^ T^Piaj- Define p* as the conjugate 
of p| constructed by permuting die prices of die social states a\ and a2. If 
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V; > Lp- = then there ar.e two price equilibria, i.e. fc = 2; however, 
since the number of price equilibria must be odd,^ there must exist p with 
;i > 1, and j>] ^ pj. Consider now the conjugate of pj, with respect to the 
first two social states c\ , ai which correspond to the same statistical state and 
have different components in p"^, and denote this conjugate fj^. Repeat the 
procedure until all equilibria arc exhausted. In each step of this procedure, 
two different price equilibria are found. Since the number of equilibria must 
be odd, it follows that there must exist a j < fc for which all conjugates of py 
equal p*: this is the required equilibrium which assigns the same equilibrium 
prices p;, - p;, to all a\, ai with r (aO = r {ai\ completing the proof. □ 

THEOHEM I. Assume that all households in E haye the same probability 
n over the distribution of risks in the population. Then any Arrow-Debreu 
equilibrium allocation (p' . z*)ofE (and. therefore. anyPareto Optimum) can 
be achieved within the general equilibrium economy with incomplete markets 
El by introducing a total of LA mutual insurance contracts to hedge against 
individual risk and A statistical securities to hedge against social risk In a 
regidar economy with rwo individual states and identical preferences, even if 
agents have different probabilities, there is always an Arrow-Debreu equi- 
librium ip'.z*) in E which is achievable within the incomplete economy Ei 
with the introduction of LA mutual insurance contracts and A statistical 
securities. 

Proof Consider first the case where all households have the same probabil- 
ities, i.e., n'^ =! n^* 5= n. By Proposition 1, an Arrow-Debreu equilibrium of 
E has the same prices p* = p; and the same consumption vectors z'^^ ^ zj^^ 
for each /i, at each social state a with r (<t) = r . Define fl (r) as the set of social 
states mapping to a given statistical state r, i.e. Q (r) - (cr 6 : r (a) = r}. 
The budget constraint (4) is 

<r r <r€n(r) 

Individual endowments depend on individual states and not on social states, 
so that = eksiif) = e^^; furthermore, by Proposition 1 equilibrium prices 
depend on r and not on cr, so that for each r die equilibrium consumption 
vector Zfxp^ can be written as z^^. The individual budget constraint is. therefore, 
LrPr tlsir) i^hs " 6/^), whcrc Summation over 5 (r) indicates sununation 
over all individual states s that occur in any social state leading to r, i.e. that 
are in the set SI (r). Let #n (r) be the number of social states in Q (r). As 
n^jr - is die proportion of households in state s within the statistical state 
r, we can finally rewrite the budget constraint (4) of the household h as: 



#Q (r) Pr E #fi (r) n,|, (zt,, - ens) = 0. 

r J 



(9) 
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Using (2), the household's maximization problem can, therefore, be expressed 

as: 

max n^rC/" {zksr) subject to (9) 

s.r 

and the equilibrium allocation by definition solves this problem. SimUarly, 
we may rewrite the market clearing condition (5) as follows: 

h h 

Rewriting the market clearing condition (5) in terms of statistical states r, and 
within each r, individual states s, we obtain: 

s 

or equivalently: 

Using these relations, we now show that any Arrow-Debreu equilibrium 
allocation = {z'^^) is within the budget constraints (7) of the economy 
El for each a € provided (hat for each a € n we add the income 
derived from a statistical security Ar . r = r (a), and. given r (a), the income 
derived from mutual insurance contracts m„ - m,(<,y(^), 5 *= 1, . . . , 5. We 
introduce A statistical securities and /.A mutual insurance contracts m the 
general equilibrium economy with incomplete markets Ei . The quantity of the 
security Ar purchased by household h in statistical state r, when equilibrium 
prices arep', is: 

3 

The quantitv aj?' has a very intuitive interpretation. It is the expected amount 
by which the value of equilibrium consumption exceeds the value of endow- 
ments, conditional on being in statistical state r. So on average, the statistical 
securities purchased deliver enough to balance a household's budget in each 
statistical state. Differences between the average and each individual state 
are taken care of by the mumal insurance contracts. Note that (10^) implies 
that the total amount of each security supplied is zero, i.e., a/ - 0 for 
all r, so that this corresponds to the initial endowments of the incomplete 
economy £/. Furthermore. Zr^r' 0 by (9). so that each household h is 
within her/his budget in iT/. 

We now introduce a mutual insurance contract as follows. The transfer 
made by individual h in statistical state r and individual state s, when prices 
are p*, is: 

<-P;Kr-«Ar)-a;j'. (12) 
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Note that, as remarked above, m*; is just the difference between the acmal 
income-expenditure gap, given diat individual state 5 is realized, and the 
expected income-expendimre gap ojj' in statistical state r, which is covered 
by statistical securities. In each statistical state r, the sum over all /i and s 
of all transfers mj; equals zero, i.e. the insurance premia match exactly the 
payments: for any given r, 

0 (13) 

because 1], = K Therefore, the {m^} meet the definition of mumal 
insurance contracts. Finally, note that with N spot markets, A statistical 
securities {ar} and / mutual insurance contracts {m^^} 

Pr {^r - «5 ) = ^ ^ ^ith f (ct) 5 = 5 (a) ( 1 4) 

so that (7) is satisfied for each cr e Q, This establishes that when all households 
have the same probabilities over social states, all Arrow-Debreu equilibrium 
allocation z' of E can be achieved within the incomplete maricets economy 
El when A securities and LA mutual insurance contracts are introduced into 
Ej, and completes the proof of the first pan of die proposition dealing with 
common probabilities. 

Consider now the case where the economy B is regular, different house- 
holds in E have different probabilities over social states but have the same 
preferences, and 5 = 2. By Proposition 2, we know that within the set of 
equilibrium prices there is one p* in which at all social states (T € Q (r) for a 
given r, the equilibrium prices are the same, i.e. p* = p^. In particular, if E 
has a unique equilibrium (p% z*), it must have this property. It follows firom 
the above arguments that the equilibrium (p*, z') must maximize (2) subject 
to (9). Now define the quantity of the security Ar purchased by a household 
in the statistical state r by 

<lr'=EnJ,rP;(^;,r-.eJ) (15) 

s 

and the mutual insurance transfer made by a household in statistical* state r 
and individual state 5, by 

As before, Zr<^r* = 0 and for any given r, J^^.^ Hj^ffm^; = 

= 0. so that the securities purchased correspond to the ini- 
tial endowments of the economy Ej and at any statistical state the sum of the 
premia and the sum of the payments of the mutual insurance contracts match, 
completing die proof □ 
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Notes 

0 ut^V^fJs^^ with hurricane Andrew which at 5 1 8 billion in losses was the most 
expensive caiasirophe ever recorded. Some of the problems which beset Lloyds of London 
arose from underestimating environmental risks. 

3. All consumption vectors are assumed to be non-negative. 

4. See [16. p. 387, para. IJ- 

5. Defined formally below. . u , ^ 

6. Related propositions Were established by Maiinvaud m an economy where all agents are 
identical, and risks are known. .u-. .^..w 

7 The condition that all agents have the same preferences is not needed for this result 
However, ii simplifies that notation and the argument considerably. The general case iS 
treated in the working papers from which this anicle derives, 

8 The condition that aU agents have the same preferences is not needed for this rwulu but 
simplifies the notation and the proof considerably. In the woricing papers from which this 
article derives, the general case was covered. 

9 This follows from Diericcr [lU p. 807] nouag that his condition D is implied by our 
assumption that preferences arc stricUy increasing (see Diericer's remark following the 
siaiemeni of property D on p. 799). 
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CLAIMS 

1. A method for facilitating insuring/hedging against a risk condition, 
comprising establishing/using an index which is a measure for the condition. 

2. The method of claim 1, wherein using is under a contract. 

3. The method of claim 2, wherein the contract is a license contract. 

4. The method of claim 1, wherein using is in a contract. 

5. The method of claim 4, wherein the contract comprises an option contract, 

6. The method of claim 4, wherein the contract comprises a futures contract. 

7. The method of claim 1, wherehi the condition is measured scientifically. 

8. The method of claim 1, wherein the condition comprises a political 
condition. 

9. The method of claim 1> wherein the condition comprises an environmental 
condition. 

10. The method of claim 9, wherein the environmental condition comprises an 
atmospheric condition, 

1 1 . The method of claim 10, wherein the atmospheric condition comprises a 
temperature condition. 

12. The method of claim 11, wherein the temperature condition comprises 
heating/cooling degree days (HDD/CDD) in a pre-specified geographic region over a 
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pre-specified time period. 

13. The method of claim 9, wherein the environmental condition comprises an 
oceanographic condition. 

14. The method of claim 13, wherein the oceanographic condition comprises 
an El Nino Southern Oscillator condition. 

15. A method in insuring/hedging against a risk condition, comprising 
buying/selling a contract which is contingent on an index which is a measure for the 
risk condition. 

16. The method of claim 15, wherein the contract comprises an option 
contract. 

17. The method of claim 15, wherein the contract comprises a futures 
contract 

18. The method of claim 15, wherein the condition is measured scientifically. 

19. The method of claim 15, wherein the condition is a political condition. 

20. The method of claim 15, wherein the condition comprises an 
enviroiunental condition, 

21. The method of claim 20, wherein the environmental condition comprises 
an atmospheric condition, 

22. The method of claim 21, wherein the atmospheric condition comprises a 
temperature condition. 



23. The method of claim 22, wherein the temperature condition comprises 
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heating/cooling degree days (HDD/CDD) in a pre-specified geographic region over a 
pre-specified time period. 

24. The method of claim 20, wherein the environmental condition comprises 
an oceanographic condition. 

25. The method of claim 24, wherein the oceanographic condition comprises 
an El Nino Southern Oscillator condition. 

26. A method in insuring/hedging against a risk, comprising, in combination: 

buying/selling at least one insurance contract for a risk condition; and 
buying/selling at least one security which is contingent on an index 

which is a measure for the risk condition; 

wherein the combination yields a payment in an amount which 

depends on one or more triggers. 

27. The method of claim 26, wherein the security is an option contract. 

28. The method of claim 26, wherein the security is a futures contract. 

29. The method of claim 26, wherein the security is priced as a function of 
probability of different catastrophic regimes and on incidence of loss in the regimes, 

30. The method of claim 26, wherein one of the triggers is based on a 
correlated risk and another on an uncorrelated event. 

3 1 . The method of claim 30, wherein the uncorrelated event comprises a pre- 
specified scientific pattern. 

32. The method of claim 30, wherein the uncorrelated event comprises a pre- 
specified political pattern. 
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33. The method of claim 30, wherein the uncoirelated event comprises a pre- 
specified environmental pattern. 

34. The method of claim 33, wherein the environmental pattern comprises an 
atmospheric pattern. 

35. The method of claim 34, wherein the atmospheric pattern comprises a 
temperature pattern in a pre-specified geographic region and over a pre-specified time 
period. 

36. The method of claim 34, wherein the atmospheric pattern comprises a 
precipitation pattern in a pre-specified geographic region and over a pre-specified 
time period. 

37. The method of claim 33, wherein the environmental pattern comprises an 
oceanographic pattem. 

38. The method of claim 37, wherein the oceanographic pattern comprises an 
El Nifio Southern Oscillator pattern. 
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